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1. Introduction
Let K be a number ﬁeld and v a place of K dividing the place p of Q. Let Kv and Qp denote
the respective completions. We write ‖ · ‖v to denote the unique absolute value on Kv extending the
p-adic absolute value on Qp and deﬁne
|α|v = ‖α‖[Kv :Qp ]/[K :Q]v
for all α ∈ K . Deﬁne the Weil height of α ∈ K by
H(α) =
∏
v
max
{
1, |α|v
}
,
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the above deﬁnition does not depend on K , and therefore, H is a well-deﬁned function on Q. Clearly
H(α) 1, and by Kronecker’s Theorem, we have equality precisely when α is zero or a root of unity.
We further deﬁne the Mahler measure of α ∈ Q by
M(α) = H(α)degα
where degα denotes the degree of α over Q. It is simple to compute the Mahler measure of α in
terms of its minimal polynomial fα over Z. If we write
fα(z) = A ·
N∏
n=1
(x− αn)
then, since H is invariant under Galois conjugation over Q, we have that
M(α) =
N∏
n=1
H(αn). (1.1)
Certainly M(α) = 1 if and only if α is a root of unity. As part of an algorithm for computing large
primes, D.H. Lehmer [7] asked if there exists a sequence of algebraic numbers, none of which are
roots of unity, whose Mahler measures tend to 1. The smallest Mahler measure that he found occurs
when γ is a root of
(x) = x10 + x9 − x7 − x6 − x5 − x4 − x3 + x+ 1
in which case M(γ ) = 1.17 . . . . Since Lehmer’s famous paper, many algorithms have been imple-
mented to ﬁnd numbers of small Mahler measure (see [8–10], for instance), and all have failed to
produce an algebraic number of Mahler measure smaller than M(γ ). This led to the conjecture, now
known as Lehmer’s conjecture, that there does not exist such a sequence.
Conjecture. There exists a constant c > 1 such that M(α) c whenever α ∈ Q× is not a root of unity.
Although many special cases have been established (see, for example, [2,12,13]), Lehmer’s problem
remains open in general. The best known universal lower bound on M(α) is due to Dobrowolski [3],
who proved that
logM(α) 
(
log logdegα
logdegα
)3
(1.2)
whenever α is not a root of unity.
Recently, Dubickas and Smyth [4] deﬁned and studied the metric Mahler measure on the multi-
plicative group of algebraic numbers. Speciﬁcally, let
X (Q×) = {(α1,α2, . . .): αn ∈ Q×, αn = 1 for a.e. n}.
That is, each element (α1,α2, . . .) ∈ X (Q×) must have αn = 1 for all but ﬁnitely many positive in-
tegers n. Also deﬁne the map τ : X (Q×) → Q× by τ (α1,α2, . . .) = α1α2 · · · and observe that τ is a
group homomorphism. Deﬁne the metric Mahler measure by
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{ ∞∏
n=1
M(αn): (α1,α2, . . .) ∈ τ−1(α)
}
(1.3)
and note that M1(αβ)  M1(α)M1(β) for all α,β ∈ Q× . Using the triangle inequality for the Weil
height, one veriﬁes easily that
M(α) M1(α) H(α) (1.4)
which implies, in particular, that M1(α) = 1 if and only if α is a root of unity. This means that the
map (α,β) → logM1(αβ−1) deﬁnes a metric on the quotient group G = Q×/Tor(Q×). In addition,
Dubickas and Smyth prove that M1(α) = M(α) whenever α is a rational number, a Pisot number, a
Salem number, or a product of such numbers. Although it is too technical to include here, they further
show how to compute M1(α) when α is a surd.
In this paper, we examine the following non-Archimedean version of the metric Mahler measure.
Deﬁne
M∞(α) = inf
{
max
n1
M(αn): (α1,α2, . . .) ∈ τ−1(α)
}
(1.5)
and note that M∞(αβ)  max{M∞(α),M∞(β)} for all α,β ∈ Q× . Our ﬁrst goal is to show that
M∞(α) = 1 if and only if α is a root of unity. This fact is nearly trivial in the case of M1, as it
follows easily from inequality (1.4). Although we know that M(α) M∞(α), we cannot conclude that
M∞(α) H(α) because H does not have the strong triangle inequality. In fact, this inequality is false
in general because, for example, H(4) = 4 but M∞(4) 2. However, we are able to establish a slightly
weaker version.
Theorem 1.1. If α is a non-zero algebraic number and not a root of unity then
M∞(α) inf
{
H(γ ): γ ∈ Q(α) and H(γ ) > 1}. (1.6)
Dobrowolski’s Theorem (1.2) implies immediately that the right-hand side of (1.6) is strictly greater
than 1. By Northcott’s Theorem [11], the set {γ ∈ Q(α): T > H(γ ) > 1} is ﬁnite for every positive real
number T . This means that the inﬁmum in (1.6) is, in fact, achieved. Either result is enough to obtain
the following corollary.
Corollary 1.2. M∞(α) = 1 if and only if α is a root of unity.
In view of Corollary 1.2, the map (α,β) → logM∞(αβ−1) deﬁnes a metric on G . Like the metric
Mahler measure M1, M∞ induces the discrete topology on G if and only if Lehmer’s conjecture is
true.
It is important to note that Corollary 1.2 is trivial under the assumption of Lehmer’s conjecture.
Indeed, if M∞(α) = 1 and α is not a root of unity, then whenever α is written as a product, some
element of the product must not be a root of unity. Hence, we obtain a sequence of points αn , none
of which are roots of unity, with M(αn) tending to 1 as n → ∞. Of course, this would contradict the
conclusion of Lehmer’s conjecture.
We now give some additional basic properties about M∞ . Let K be a number ﬁeld and α ∈ K .
For a rational prime p, we say that α is a p-adic unit if for every place v dividing p, we have that
|α|v = 1. Of course, this deﬁnition does not depend on K . Further, it is well known that α is a p-adic
unit if and only if p divides neither the ﬁrst nor the last coeﬃcient of the minimal polynomial of α
over Z.
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fails to be a p-adic unit then M∞(α) p.
In general, there is ambiguity in writing αr for r ∈ Q because there may be many rth powers of α.
However, all such powers lie in the same coset of Tor(Q×) in Q× . It is obvious that M∞ is invariant
under mulitplication by a root of unity so these elements must all have the same value. Theorem 1.3
further implies that M∞ deﬁnes a projective height on G when it is viewed as a vector space, written
multiplicatively, over Q. This vector space is studied extensively in [1], in which it is noted that,
among other things, the Weil height deﬁnes a norm with respect to the usual absolute value on Q.
As an example of the second statement of Theorem 1.3, consider the algebraic number γ = 1+√5.
It is computed easily that γ has minimial polynomial x2 − 2x− 4 ∈ Z[x] so that γ fails to be a 2-adic
unit but is a p-adic unit for all primes p > 2. In this case, Theorem 1.3 yields the bound M∞(γ ) 2.
As another basic example, if α is rational then M∞(α) is bounded below by the largest prime that
divides its numerator or denominator. In fact, we may apply Theorem 1.3 to compute precisely the
value of the strong metric Mahler measure at any surd.
Corollary 1.4. If α is rational and d is a positive integer then M∞(α1/d) equals the largest prime dividing the
numerator or denominator of α.
It is worth noting that Corollary 1.4 identiﬁes a large class of cases of equality in the second
statement of Theorem 1.3. Indeed, the primes dividing the numerator and denominator of α are the
same as the primes such that α1/d fails to be a p-adic unit.
2. Heights on abelian groups
The method used to construct (1.3) and (1.5) is applicable on any abelian group with a function
satisfying only a few simple properties. Although we cannot hope to prove anything particularly deep
in such a general setting, it is worth exploring the basic facts before we prove our main results.
Let G be an abelian group written multiplicatively. We say that ρ : G → [1,∞) is a height on G if
the conditions
(i) ρ(1) = 1,
(ii) ρ(α) = ρ(α−1)
are satisﬁed. We deﬁne the zero set of ρ to be
Z(ρ) = {α ∈ G: ρ(α) = 1}.
We further say that ρ is a metric height on G if we have that
ρ(αβ) ρ(α)ρ(β)
for all α,β ∈ G . If ρ satisﬁes the stronger condition that
ρ(αβ)max
{
ρ(α),ρ(β)
}
for all α,β ∈ G then we say that ρ is a strong (or non-Archimedean) metric height on G . If σ is another
height on G then we write σ  ρ if σ(α) ρ(α) for all α ∈ G . This yields a partial ordering of the
set of all heights on G .
As we noted in the introduction, Dubickas and Smyth [4–6] studied several heights and metric
heights on the group of algebraic numbers Q× . More speciﬁcally, they deﬁned and studied the metric
heights associated to the Mahler measure, the naïve height, and the length. Our ﬁrst proposition
generalizes several facts noted by Dubickas and Smyth regarding metric heights. The proof is only
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purposes of completeness.
Proposition 2.1. Suppose that ρ is a metric height on the abelian group G. Then
(i) Z(ρ) is a subgroup of G.
(ii) ρ(α) = ρ(ζα) for all α ∈ G and ζ ∈ Z(ρ). That is, ρ is well deﬁned on G/Z(ρ).
(iii) The map (α,β) → logρ(αβ−1) deﬁnes a metric on G/Z(ρ).
Proof. If ρ(α) = ρ(β) = 1 then we know that ρ(αβ)  ρ(α)ρ(β) = 1. By deﬁnition of height we
conclude that Z(ρ) is indeed a subgroup of G . If ζ ∈ Z(ρ) then we have that
ρ(α) = ρ(ζ−1ζα) ρ(ζ−1)ρ(ζα) = ρ(ζα) ρ(ζ )ρ(α) = ρ(α)
which establishes that ρ(α) = ρ(ζα). The ﬁnal statement of the proposition follows from the triangle
inequality. 
Of course, Proposition 2.1 justiﬁes our use of the word metric in the deﬁnition of metric height:
although ρ does not necessarily deﬁne a metric on G , it is indeed a well deﬁned metric on the
quotient G/Z(ρ). Thus it is important to identify the subgroup Z(ρ) if we hope to fully understand a
metric height ρ .
If we are given a height ρ on G it is possible to construct both a natural metric height and a
natural strong metric height from ρ . Let
X (G) = {(α1,α2, . . .): αn ∈ G, αn = 1 for a.e. n}.
Further, deﬁne the map τ : X (G) → G by τ (α1,α2, . . .) = α1α2 · · · and note that τ is a surjective
group homomorphism. As is done in [5] and [4] using the Mahler measure and naïve height, we
deﬁne
ρ1(α) = inf
{ ∞∏
n=1
ρ(αn): (α1,α2, . . .) ∈ τ−1(α)
}
(2.1)
and note that the map ρ → ρ1 preserves the partial ordering of heights on G . In other words, if ρ
and σ are heights on G with σ  ρ then σ1  ρ1. Now we establish a modiﬁcation of the results of
[5] and [4].
Theorem 2.2. If ρ is a height on G then the following hold.
(i) ρ1 is a metric height on G with ρ1  ρ .
(ii) If σ is a metric height with σ  ρ then σ  ρ1 .
(iii) ρ = ρ1 if and only if ρ is metric height.
(iv) (ρ1)1 = ρ1 .
Proof. It is obvious that ρ1(α)  1 for all α ∈ G and that ρ1(1) = 1. Since α → α−1 is an au-
tomorphism of G and ρ(α) = ρ(α−1) for all α ∈ G , it is also clear that ρ1(α) = ρ1(α−1). Since
τ (α,1,1, . . .) = α, we have that ρ1  ρ as well. To prove the triangle inequality for ρ1 we observe
that
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{ ∞∏
n=1
ρ(αn): (α1,α2, . . .) ∈ τ−1(αβ)
}
 inf
{ ∞∏
n=1
ρ(αn)
∞∏
m=1
ρ(βm): (α1,α2, . . .) ∈ τ−1(α), (β1, β2, . . .) ∈ τ−1(β)
}
= ρ1(α)ρ1(β)
which establishes (i).
To prove (ii), we observe that
ρ1(α) = inf
{ ∞∏
n=1
ρ(αn): (α1,α2, . . .) ∈ τ−1(α)
}
 inf
{ ∞∏
n=1
σ(αn): (α1,α2, . . .) ∈ τ−1(α)
}
 σ(α)
where the last inequality follows from the triangle inequality for σ .
Obviously if ρ = ρ1 then ρ is a metric height. To prove the converse, we assume that ρ is a metric
height. Hence, statement (ii) implies that ρ  ρ1  ρ which yields our result. The ﬁnal statement
follows immediately since ρ1 is itself a height. 
Indeed, Theorem 2.2 indicates that the deﬁnition (2.1) is a natural way of constructing a metric
height out of an ordinary height. Not only do we obtain a metric height, but we obtain the largest
metric height that is less than or equal to ρ . Furthermore, we need not attempt this construction
with a height that is already known to be metric. For example, the Weil height H on Q× is already a
metric height so that applying (2.1) yields the Weil height again. The Mahler measure of an algebraic
number α, however, does not have the triangle inequality, so this leads to the non-trivial construction
studied in [4].
We now turn our attention to a non-Archimedean version of (2.1). Once again, we assume that ρ
is a height on G and deﬁne
ρ∞(α) = inf
{
max
n1
{
ρ(αn)
}
: (α1,α2, . . .) ∈ τ−1(α)
}
(2.2)
so that the product in (2.1) is replaced with a maximum. As in the construction of ρ1, we observe
that the strong metric construction preserves the partial ordering of heights on G . We further note
an analogue of Theorem 2.2 for ρ∞ .
Theorem 2.3. If ρ is a height on G then the following hold.
(i) ρ∞ is a strong metric height on G with ρ∞  ρ1 .
(ii) If σ is a strong metric height with σ  ρ then σ  ρ∞ .
(iii) ρ = ρ∞ if and only if ρ is a strong metric height.
(iv) ρ∞ = (ρ1)∞ = (ρ∞)1 = (ρ∞)∞ .
Proof. The proofs of statements (i), (ii) and (iii) are nearly identical to proofs of the analogous state-
ments in Theorem 2.2 so we do not include them here. To verify (iv) we note that
ρ∞  ρ1  ρ.
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obtain
(ρ∞)∞  (ρ1)∞  ρ∞.
But it is clear from the (iii) that (ρ∞)∞ = ρ∞ so that
(ρ∞)∞ = (ρ1)∞ = ρ∞.
Finally, we note that ρ∞ is certainly a metric height so that (ρ∞)1 = ρ∞ by Theorem 2.2(iii). 
Theorem 2.3 implies that ρ∞ is indeed a metric height as well so that we may apply Proposi-
tion 2.1 to it. The metric induced by ρ∞ on G/Z(ρ∞) is non-Archimedean, so every open or closed
ball centered at 1 is a subgroup of G/Z(ρ∞). Furthermore, for any r  1, we set
Br =
{
α ∈ G: ρ∞(α) < r
}
and let Sr be the subgroup of G generated by the set {α ∈ G: ρ(α) < r}. It is clear that
Sr =
{
τ (α1,α2, . . .): (α1,α2, . . .) ∈ X (G) and ρ(αn) < r for all n
}
.
If α ∈ Sr then α =∏∞n=1 αn where ρ(αn) < r for all n. Hence,
ρ∞(α)max
n1
{
ρ(αn)
}
< r
so that α ∈ Br . To establish the opposite containment, note that if α ∈ Br then ρ∞(α) < r. Therefore,
by deﬁnition of ρ∞ there exists (α1,α2, . . .) ∈ τ−1(α) such that maxn1{ρ(αn)} < r. It follows that
α ∈ Sr and we have shown that
Br = Sr . (2.3)
It is worth noting that there is no analog of (2.3) for closed balls unless the inﬁmum in ρ∞ is always
achieved on the boundary of the ball. If ρ∞(α) = r then we may simply conclude that for every ε > 0
there exists (α1,α2, . . .) ∈ τ−1(α) such that maxn1{ρ(αn)} < r + ε. However, one cannot conclude
that maxn1{ρ(αn)} r.
As an example of (2.2), we note that the Weil height H does not already have the strong triangle
inequality. Therefore, we may ﬁnd it interesting to apply (2.2) to it. However, we quickly realize that
if α ∈ Q× then we may write α = (α1/n)n so that H∞(α)  H(α1/n) = H(α)1/n . But, H(α)1/n tends
to 1 as n tends to ∞ implying that H∞ is trivial. Of course, Corollary 1.2 establishes that M∞ is
non-trivial.
3. Proofs of our main results
Before we prove Theorem 1.1 we recall the relevant deﬁnitions and notation. Suppose that K/F is
any ﬁnite Galois extension of ﬁelds and let G = Aut(K/F ). Recall that the norm from K to F is the map
NormK/F : K → F deﬁned by
NormK/F (α) =
∏
σ(α).σ∈G
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NormK/F (α) does indeed belong to F . Of course, if α ∈ F then NormK/F (α) = α[K :F ] . Furthermore,
NormK/F (αβ) = NormK/F (α)NormK/F (β) so that the norm is a homomorphism from K× to F× .
Proof of Theorem 1.1. Assume α ∈ Q× \ Tor(Q×) and let ε > 0. Further suppose that (α1,α2, . . .) ∈
X (Q×) is such that α = α1α2 · · · and
max
{
M(α1),M(α2), . . .
}
 M∞(α) + ε. (3.1)
Let F = Q(α) and assume that K is a Galois extension of F containing each element αn . Since αn = 1
for almost every n, the Galois group G = Aut(K/F ) is ﬁnite.
First assume that NormK/F (αn) is a root of unity for all n. Then we have that
α[K :F ] = NormK/F (α) =
∞∏
n=1
NormK/F (αn)
since the norm is a multiplicative homomorphism. Therefore, α is a root of unity which is a contra-
diction.
Now we may assume that there exists β ∈ {α1,α2, . . .} such that NormK/F (β) is not a root of unity.
For simplicity, we let H = Aut(K/F (β)) and let S be a complete set of coset representatives of H in G .
Also, assume that β1, . . . , βM are the conjugates of β over F and let βˆ = β1 · · ·βM . We obtain that
NormK/F (β) =
∏
σ∈G
σ(β) =
∏
σ∈S
σ(β)|H| = βˆ |H|
so that βˆ must not be a root of unity.
Using (1.1), we know that M(β) is the product of the heights of the conjugates of β over Q. So
the product of the heights of its conjugates over F is potentially smaller. Then using the triangle
inequality for the Weil height, we ﬁnd that
M(β)
M∏
m=1
H(βm) H(βˆ)
and it follows that
M∞(α) + ε  H(βˆ) inf
{
γ ∈ Q(α): H(γ ) > 1}. (3.2)
Since the right-hand side of (3.2) does not depend on ε, we may let ε tend to zero to obtain the
desired result. 
Proof of Corollary 1.2. If α is a root of unity, then we have M∞(α) M(α) = 1 so that M∞(α) = 1.
If α is not a root of unity, then Theorem 1.1 gives
M∞(α) inf
{
γ ∈ Q(α): H(γ ) > 1}.
However, Dobrowolski’s Theorem implies that the right-hand side is strictly greater than 1 which
establishes the corollary. 
The proof of Theorem 1.3 will require a technical lemma.
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positive integers r and
M∞(α) = inf
{
max
n1
{
H(αn)
d(αn)
}
: (α1,α2, . . .) ∈ τ−1(α)
}
.
Proof. To prove the ﬁrst statement, let f (x) denote the minimal polynomial of αr over Z. Hence, the
polynomial f (xr) vanishes at α and has degree r degαr . It follows that degα  r degαr . But then
rd
(
αr
)= r · inf{deg(ζαr): ζ ∈ Tor(Q×)}
= inf{r deg(ζ rαr): ζ ∈ Tor(Q×)}
 inf
{
deg(ζα): ζ ∈ Tor(Q×)}= d(α).
To prove the second statement, we ﬁrst observe that deg(α) d(α) so that
M∞(α) inf
{
max
n1
{
H(αn)
d(αn)
}
: (α1,α2, . . .) ∈ τ−1(α)
}
. (3.3)
Now assume that τ (α1,α2, . . .) = α so that α = ∏∞n=1 αn . For each n we select ζn such that
deg(ζnαn) = d(αn). We have that
α =
∞∏
n=1
(αnζn)ζ
−1
n ,
and therefore,
M∞(α)max
n1
{
max
{
H(αnζn)
deg(αnζn), H
(
ζ−1n
)deg(ζ−1n )}}
= max
n1
{
H(αn)
d(αn)
}
.
The result follows by taking the inﬁmum of both sides over all (α1,α2, . . .) ∈ τ−1(α). 
Proof of Theorem 1.3. We ﬁrst prove that M∞(αr) = M∞(α) for all positive integers r. The strong
triangle inequality implies immediately that
M∞
(
αr
)
 M∞(α)
so we must prove the opposite inequality. By Lemma 3.1 we have that
M∞(α) = inf
{
max
n1
{
H(αn)
d(αn)
}
: (α1,α2, . . .) ∈ τ−1(α)
}
.
Each term H(α)d(α) is well deﬁned on the quotient group G = Q×/Tor(Q×). Hence, we may instead
take the inﬁmum over all (α1,α2, . . .) ∈ X (G) with τ (α1,α2, . . .) = α and we obtain the same value.
Applying both statements of Lemma 3.1 we obtain that
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{
max
n1
{
H(αn)
d(αn)
}
: α =
∞∏
n=1
αn
}
 inf
{
max
n1
{
H(αn)
rd(αrn)
}
: α =
∞∏
n=1
αn
}
= inf
{
max
n1
{
H
(
αrn
)d(αrn)}: α = ∞∏
n=1
αn
}
for all α ∈ G and all positive integers r.
Now deﬁne gr : G → G by gr(α) = αr and note that gr is an automorphism of G . We have shown
that
M∞(α) inf
{
max
n1
{
H
(
gr(αn)
)d(gr (αn))}: α = ∞∏
n=1
αn
}
. (3.4)
Since g−1r is also an automorphism, we may take the inﬁmum on the right-hand side of (3.4) over all
(α1,α2, . . .) ∈ X (G) such that α =∏∞n=1 g−1r (αn). We conclude that
M∞(α) inf
{
max
n1
{
H
(
gr
(
g−1r (αn)
))d(gr (g−1r (αn)))}: α = ∞∏
n=1
g−1r (αn)
}
= inf
{
max
n1
{
H(αn)
d(αn)
}
: gr(α) =
∞∏
n=1
αn
}
= inf
{
max
n1
{
H(αn)
d(αn)
}
: αr =
∞∏
n=1
αn
}
= M∞
(
αr
)
,
which completes the proof of the ﬁrst statement when r is a positive integer. If r < 0 is an integer
then
M∞
(
αr
)= M∞((α−1)−r)= M∞(α−1)= M∞(α).
If we have r/s ∈ Q, then
M∞
(
αr/s
)= M∞((αr/s)s)= M∞(αr)= M∞(α).
To prove the second statement we note that if α fails to be a p-adic unit then M(α) p. To see
this, let K = Q(α) and let v be a place of K such that |α|v 
= 1. Since M(α) = M(α−1) me may
assume without loss of generality that |α|v > 1. Further, write
O v =
{
z ∈ Kv : |z|v  1
}
and Mv =
{
z ∈ Kv : |z|v < 1
}
for the ring of v-adic integers in Kv and its unique maximal ideal, respectively. Let πv be a generator
of Mv so that whenever |z|v > 1 we have that |z|v  |πv |−1v . It is also well known that
|πv |−[K :Q]v = p fv (3.5)
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M(α) =
∏
w
max
{
1, |α|w
}degα  |α|degαv  |πv |−[K :Q]v = p fv  p.
Now let ε > 0 and assume that (α1,α2, . . .) ∈ X (Q×) is such that α = α1α2 · · · and
M∞(α)max
{
M(αn): n 1
}− ε.
Further assume that p is the largest prime such that α is not a p-adic unit. By our earlier remarks
there exists n such that αn fails to be a p-adic unit, and thus M(αn) p and
M∞(α)max
{
M(αn): n 1
}− ε  p − ε.
The result follows by letting ε tend to zero. 
Proof of Corollary 1.4. Since α ∈ Q we may write
α =
N∏
n=1
qrnn
where qn are rational primes and rn are non-zero integers. Assume that p is the largest of the
primes qn . Then the strong triangle inequality for M∞ and Theorem 1.3 imply that
M∞(α) max
1nN
M∞
(
qrnn
)= max
1nN
M∞(qn) max
1nN
qn = p.
By the second statement of Theorem 1.3 we also know that M∞(α)  p so that M∞(α) = p. Then
applying the ﬁrst statement again we obtain
M∞
(
α1/d
)= M∞(α) = p. 
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